This paper presents a comparative study of different integration methods of stresses (both analytical and numerical) for concrete sections subjected to axial loads and biaxial bending. Such methods are applied to circular and rectangular sections. The constitutive equation used is a parabola-rectangle from the Eurocode-2. The comparison was performed with regard to the accuracy and the computational speed of each method. The objective of the paper is to determine which of the integration methods compared is more efficient in computing the interaction surfaces for rectangular and circular sections. 
Introduction
Computer programs for designing reinforced concrete structures need to compute the internal forces through the integration of stresses over the concrete cross-section in order to obtain the interaction surface (N u , M uy , M uz ). This action is performed many times, and thus its optimisation represents an important reduction in computing time. Romero et al. [3] demonstrated that the runtime to obtain the internal forces of the section is mainly consumed during the evaluation of the internal equilibrium forces of concrete sections (N c , M cy , M cz ) and not in the steel bars.
Generally, the columns of such structures are subjected to axial loads and biaxial bending moments as a result of their geometry, the shape of the cross-section or the type of external forces exerted. In edification many examples follow this behaviour such as the columns in the corners of building and elements affected by seismic and wind forces. For this type of structures the sections are typically rectangular or circular. The classical method of integrating the stresses [4, 5] , etc.) in the concrete is usually performed by dividing the section into layers or fibers (also called cells). This technique is not numerically efficient due to the huge amount of information that is required to characterise the section and the large number of numerical operations needed to reach an acceptable level of error, Miguel et al. [6] . Moreover, this integration method could produce convergence problems for non-linear structural analysis programs, since the variation of the internal forces is not continuous for different locations of the neutral axis and depends on the fiber mesh size or the layer height. There are a lot of alternative methods to integrate the concrete stresses over the cross-section, some of the most interesting of which are those by Basu [7] , Brö ndum [8, 9] and Yen [10] . These authors study the integration of stresses if the constitutive equation is the equivalent rectangular stress block. Rodríguez and Aristizabal [11] also proposed computing such integrals by decomposing the section into many trapezes. In this case the constitutive equation is a parabola-rectangle diagram for the ascending branch and linear for the descending branch. They obtain the solution to the stresses integral analytically. Recently Barros et al. [1] obtained the stress integral for the rectangular section analytically using the Heaviside functions. This method is valid for ultimate loads, axial load and uniaxial bending and a parabola-rectangle diagram. Previously, the same authors, Barros et al. [12] , used the constitutive equation of Model Code 90 [14] for a non-linear structural analysis under axial load and biaxial bending.
Fafitis [13] developed a method for computing the internal forces of the concrete using Green's theorem. Use of this method allows the stress integral of the compressed area to be transformed into a path integral over the perimeter. This integral is solved numerically using the GaussLegendre quadrature. Bonet et al. [2] also proposed two methods based on the Gauss quadrature. The first method was valid for a non-cylindrical stress field and the authors presented an automatic algorithm which subdivided the non-cracked concrete area with any polygonal shape (including holes) into a small number of quadrilateral areas. The second method is suitable only for polygonal sections (including holes) in which the stress field is uniform over one direction (cylindrical stress fields) and it was decomposed the integration area into thick (or wide) layers parallel to the neutral axis. The integral of each layer was transformed into a path integral along the perimeter. This last method was termed the ''Modified Thick Layer Integration'' (MTLI) method. In this former paper, Bonet et al [2] compared these two new methods based on the Gauss quadrature, the fiber method and the method proposed by Fafitis [13] in terms of accuracy and speed (efficiency). In this study, the constitutive equation respected was the Model Code 90 [14] for a non linear analysis. These authors concluded the method most efficient is the MTLI.
Objectives and scope
In this research a comparative study of different analytical and numerical methods to integrate the concrete stresses over cross section subjected to axial loads and biaxial bending is performed. The studied methods are: classical decomposition fibers or layers, analytical using the Heaviside functions and numerical based on Gauss-Legendre quadrature.
The objective is to find out which is the most efficient integration algorithm for the calculation of the interaction surface (N u , M ux , M uy ) of a reinforced concrete section. The efficiency of the integration methods have been studied in terms of accuracy and speed, and they have been applied to both circular and rectangular sections.
In this paper the analytical method using the Heaviside functions proposed for rectangular sections by Barros et al. [1] and the numerical method for the polygonal section by Bonet et al. [1] are explained. These methods will be compared with the results obtained from fibers decomposition method. Furthermore, two new methods are introduced for the circular section: analytical using the Heaviside functions and numerical based on the Gauss-Legendre quadrature. These last methods will be compared with the layers decomposition method.
In order to obtain the ultimate capacity of the concrete section (N c , M cy , M cz ), the stresses associated to each ultimate plane of strain (defined by the pivot diagram) are integrated (Art 6. 
Analytical integration methods

Ultimate section deformation
The strains in a reinforced concrete section vary linearly, being equal to zero at the neutral axis, defined by its position ''X'', or the non-dimensional variable a given by where ''d'' is the effective height The initial and deformed plane sections are represented in Fig. 2 .
The failure of the section can occur in the following ways ( Fig. 2) : (a) due to the concrete, when the maximum strain e c is equal to the ultimate strain value e cu2 ; (b) due to the steel, when the strain in steel e s is equal to the maximum strain 1%; and (c) with a limit compression of 0.2% when the section is all under compression. In the case of a circular section, the deformations at rupture are represented in Fig. 3 . These situations of rupture are described using Heaviside functions, as in Barros et al. [1] , by the following continuous equations:
where the Heaviside function H(x) can be defined by either of:
Equilibrium equations
The resulting force in the compressed concrete N c is obtained by the integration of the stresses r c (y, z) in the compressed area A c , represented by the dashed area in 
Rectangular section
The integration is performed over the different compression areas indicated in Fig. 4 . These results of the integration depend on the variables X and b, Fig. 4a and the Heaviside functions. In the work developed by Barros et al. [12] the complete expressions for the case of the non-linear equation of the CEB-FIP Model Code 1990 [14] are indicated.
Separated components
The integration of the previous equations in each of the domains indicated from 
Unique equations
The use of Heaviside functions allows a unique expression to be written considering the five integration areas from Fig. 4 . This expression is as follows in the case of the axial load:
Equivalent equations can be written for the bending moments M cy and M cz giving the following results, respectively:
The use of these unique equations results in heavy computation times.
Circular section
The resulting force N c in the compressed concrete for the circular section represented in Fig. 3 and the bending moments M cy and M cz are computed using Eq. (5). The concrete compression zone A c is represented in Fig. 5a , where the neutral axis intersects the section (denoted by case I with resulting force N cI and the bending moments M cyI and M zI ) and in Fig. 3b , where it is located outside the section (case II with resulting force and the bending moments M cyII and M czII ).
The results obtained are introduced into unique equations by the use of Heaviside functions giving the total force and the bending moments, respectively: 
where R is the radius of the section.
Numerical integration methods
Polygonal section
The internal forces of the concrete section are obtained from Eq. (5). The integral of stresses over the non-cracked area is determined numerically by applying the ''modified thick layer integration'' (MTLI) method, Bonet et al. [1] .
The method is explained below applied to a parabolarectangle diagram, Fig. 1 .
Decomposition into thick layers
When the concrete stress function is not defined by a unique and polygonal equation, it is useful to divide the compressed concrete area A c into thick layers (also called wide layers) parallel to the neutral axis with the purpose of achieving better accuracy in the resolution of the numerical integration. Bearing in mind the constitutive equation used in this paper (Fig. 6) is not defined by unique equation, if there are concrete fibers in the compressed area with a strain higher than the ultimate deformation under simple compression (e c2 ) and also fibers with strains lower than e c2 , the area is divided in two layers. The first layer corresponds to the group of fibers with strains below e c2 , and the second layer corresponds to the fibers with a deformation above e c2 (Fig. 6a) . Otherwise, it is not necessary to decompose the section into thick layers.
The internal forces of the concrete (N c , M cy , M cz ) are obtained by addition of the internal forces of each thick layer (N ci , M cyi , M czi ) into which the integration area A c is decomposed:
where ntl is the number of thick layers (one or two depending of the fiber with strain higher).
Transformation into a path integral
For each of the thick layers, the stress integral can be transformed into a path integral along the perimeter of the integration zone (Fig. 6b) because the concrete stress field has a preferred direction (orthogonal to the neutral axis).
where b is the inclination angle of the neutral axis (Fig. 2) and 
Evaluation of the stress integral by applying the Gauss-Legendre quadrature
Due to the fact that the perimeter of each layer is polygonal, the integral along the contour ''L'' can be computed as a sum of the integrals of each side of the perimeter (Fig. 7) : 
where nL is the number of sides for the perimeter of each layer.
The ''side by side'' integral can be performed by the Gauss-Legendre quadrature integration method:
where n k is the value of the curvilinear coordinate of the Gauss point 'k'; x k is the weight associated to such a Gauss point; and ''ngp'' is the number of Gauss points considered in the integral. This algorithm allows the stresses of a hollow or a solid section to be integrated. To do so, we only have to enumerate the vertices of the polygon in an anticlockwise (positive) or clockwise (negative) direction.
Circular section
The internal forces of the stresses of the circular section are computed from the following expressions, Fig. 8 : where A c is the compressed area of the concrete; (y g , z g ) are the coordinates of the centroid of the circular section; r c (z) is the concrete stress in terms of the coordinate ''z''; b(z) is the width of the section in terms of 'z', being:
In Eq. (14), the y-axis was chosen parallel to the neutral axis. As the concrete stress field has a preferred direction (orthogonal to the neutral axis), the stress integral of the compressed area of the concrete A c can be transformed into a path integral in terms of 'z', from the most compressed border of the section to the position of the neutral axis.
The internal forces of the concrete, Eq. (14), are computed using the Gauss-Legendre quadrature. To do so, a similar methodology to the one used for the polygonal section will be followed.
Decomposition into thick layers
The accuracy of the integrals depends on the number of Gauss points used, on the concrete constitutive equation and on the shape of the cross-section (circular). Since the product [r c (z) AE b(z)] is no longer a unique and polygonal equation, it is necessary to use a large number of Gauss points for the evaluation of integrals in order to obtain a suitable degree of accuracy.
In this case, it is worth subdividing the integration area A c into thick layers parallel to the neutral axis (Fig. 8a) . The technique to define the thick layers is the same as for the polygonal section.
Evaluation of the stresses integral
To perform each of the integrals, the Gauss method is used. The following coordinate transformation is carried out, Fig. 8a :
Thus, the integrals of the internal forces are evaluated with the following expressions: 
where n k is the value of the curvilinear coordinate of the Gauss point 'k'; ''ntl'' is the number of thick layers; x k is the weight associated to such a Gauss point and ''ngp'' is the number of Gauss points considered in the integral.
Comparative study
The methods described in the previous sections were applied to both rectangular and circular sections. The same cases were also solved by using the well-known fiber method. For the rectangular section fibers have been used and for the circular section layers parallel to the neutral axis with fixed height have been used.
More specifically, the rectangular section analysed measured 0.50 · 0.50 m and the circular section had a diameter of 0.50 m. For both cases the mechanical cover of the reinforced bars was 0.05 m and the strength of the concrete was 25 MPa.
As was stated in Section 2, the constitutive equation in this study was a parabola-rectangle (Fig. 1) .
To perform the integration by the Gauss quadrature, different numbers of Gauss points (2, 3, 4, 6, 8, 10, 12, 15, 20 , 32 and 48) were used for each of the sides of the perimeter of each thick layer that constituted the rectangular section. The same number of Gauss points was used to integrate each of the layers that composed the compressed area of the circular section.
For the fiber method, the following meshes were used: 10 · 10; 20 · 20; 40 · 40; 100 · 100; 200 · 200 and 400 · 400. The number of layers taken into account in the circular section was: 10, 20, 40, 100, 200, 400 and 800.
Different inclination angles (b) of the neutral axis (Fig. 2) and normalised depth of the neutral axis (a = X/d) were considered; where ''X'' is the depth of the neutral axis measured in the orthogonal direction to the neutral axis from the most compressed border of the cross-section; and ''d'' is the effective depth of the reinforcement also measured in the orthogonal direction to the neutral axis from the most compressed fiber of concrete to the most tensile stressed bar (Fig. 2) . The different cases for this study are summarised in Table 1 .
Results
The most important results for both types of sections are analysed in this section. For each position of the neutral axis and for each integration method, the error and computing time were calculated.
It was noticed that the computing times are extremely small for both the analytical and numerical cases, and were in fact lower than what could be measured accurately by the computer. For this reason, the times presented here are the average value of five series of executions. Each of the series consisted in repeating the stress integral 1000 times.
The errors obtained for each method of computing the internal forces of the concrete (N c , M cy , M cz ) are presented in relative form with respect to the analytical solution, that is:
where F i is the value obtained for the ith-case for an internal force F (axial load or bending moment) and F exac is the exact value of the internal force F (axial load or bending moment) obtained for the analytical solution. Table 2 shows the computing time consumed for the rectangular section, as well as the maximum errors for any of the internal forces (axial load or bending moment) Table 1 Cases analysed in the comparative study Position of the neutral axis. and any inclination of the neutral axis (b), in terms of the number of Gauss points and of the relative depth of the neutral axis (a). In general, the maximum errors are reached for the maximum inclination of the neutral axis. Nevertheless, it can be observed that with only three Gauss points, the error is almost zero and the computing time is very small. Table 3 presents the results of the circular section for different number of Gauss points and relative depths of the neutral axis (a). In comparison with the results for the rectangular section (Table 2) , it was observed that for the same number of Gauss points for each layer and for the same a, the error for the circular section is higher. This behaviour is due to the shape of the section. Furthermore, if 15 Gauss points are applied to each layer, an admissible degree of accuracy (lower than 0.1%) is obtained with a reasonable computing time in comparison to other integration methods (Tables 5 and 7) . Tables 4 and 5 show the results from the fiber and layer integration methods respectively. With respect to the fiber method, for the rectangular section it can be inferred that for a higher relative depth of the neutral axis a the error decreases because the mesh of fibers adapts better to the concrete stress field. It can also be seen that for very small values of a the error is not admissible, because the size of the fiber is quite a lot higher than the depth of the neutral axis. In other words, the error obtained is mesh-dependent. Moreover, in comparison with the results obtained in Table 2 , the execution time is quite a lot higher for the same error order.
On the other hand, with respect to the layer integration method for the circular section it can be observed that the errors increase as the relative depth of the neutral axis (a) decreases. In addition, for very small values of a the errors are not admissible. It can be seen that the error is also mesh-dependent. Finally, on comparing with the results from Table 3 , the computing times are much higher for a similar error.
The times from the analytical integral for the rectangular section are shown in Table 6 . If the integral is performed with a unique function, the execution time is seven times slower than for the numerical integral with three Gauss points (Table 2) . However, if the analytical integral is performed by separated components, the computing time decreases considerably, the numerical integral being between 0.8 and 2.7 times faster. Table 7 presents the time for the analytical integral and the circular section. It can be shown that the time of the numerical integral is slightly lower than the analytical one with 15 Gauss points per layer.
In order to compare the three integration methods applied to the circular section, Fig. 9 displays the error for the axial load (Eq. (18)) on the y-axis, and the computation time on the x-axis for the average value of the five series. The results from the numerical and analytical methods are included in this graph for the following relative depths of the neutral axis (a): 0.01; 0.10; 0.20 and 0.80. The average computing integration time corresponding to the cases performed with the analytical method is also represented with a continuous vertical line (1.76 sg).
As is shown in Fig. 9 , if the integration is performed using the layer method, the time increases as the relative depth increases because there is a higher number of layers in the compressed area. Moreover, if the proposed numerical method is compared with the layer method, the former is found to be more efficient.
Finally, it can be inferred that for a level of errors that could be considered to be admissible in a non-linear program (between 0.01% and 0.001%) the computing time of the numerical method is similar to that of the analytical method.
Conclusions
This paper presents a comparative study of different analytical and numerical methods in order to determine which is the most efficient algorithm to compute the concrete interaction surface for rectangular and circular sections.
Two new methods, one analytical and the other numerical, have been proposed for the circular sections. The analytical method proposed in this paper obtains the stress integral by using Heaviside functions to define the failure of the section. Moreover, the numerical method proposed here decomposes the integration area into thick layers parallel to the neutral axis. The definition of such layers depends on the concrete constitutive equation used. The internal forces (N c , M cy , M cz ) are computed as a sum of the numerical integrals using a Gauss-Legendre quadrature for each layer the compressed concrete zone is decomposed into.
In general, it was observed that the level of accuracy of the fiber method or layers depends on the mesh density and how it adapts to the compressed concrete zone.
For the rectangular section, the most efficient integration method is the ''Modified Thick Layer Integration'' (MTLI) method with regard to the analytical method and the fiber method. If the parabola-rectangle diagram is selected, three Gauss points are suggested for each side of the perimeter for each layer the compressed zones are broken down into.
For the circular section, both the analytical method and the numerical method are very efficient in comparison with the layer integration method. If an error below 0.04% is accepted, the numerical method with 15 Gauss points for each layer is recommended.
Consequently, the integration methods based on the Gauss-Legendre quadrature that decompose the compressed are into thick layers parallel to the neutral axis become very effective when it comes to computing the interaction diagram of the concrete section. The optimisation of this procedure gives rise to a notable decrease in the computation times in the design programs that require an iterative process to obtain the reinforcement bars of the section.
